We present a simple view on band unfolding of the energy bands obtained from supercell calculations. It relies on the relationship between the local density of states in reciprocal space (qLDOS) and the fully unfolded band structure. This provides an intuitive and valid approach not only for periodic, but also for non-translationally symmetric systems. By refolding into the primitive Brillouin zone of the pristine crystal we recover the conventional unfolded bands. We implement this algorithm in the Siesta package and test some of its potential applications on Si systems, such as defective crystals, surfaces and amorphous structures.
INTRODUCTION
Plots of so called energy bands are the most basic and used tool in interpreting the calculated electronic structure of simple crystals. Such plots represent the energy of the Bloch orbitals as a function of their crystal momentum in the primitive Brillouin zone (PBZ), that is, E (k). These theoretical band structures can be obtained within the tight-binding approximation or the density functional theory (DFT) and they have a direct connection with the results of angle resolved photoemission spectroscopy (ARPES) experiments. However, the simplicity of this approach disappears when the calculations involve large supercells with many atoms. As the size of the cell in real space increases, the first Brillouin zone in reciprocal space shrinks and more lines populate the band structure, hindering the extraction of useful information of it, as well as the comparison with experimental results.
Several authors have developed techniques to unfold the supercell Brillouin zone into the primitive Brillouin zone. Some works focus on unfolding the bands of alloy systems [1, 2] , whereas others describe algorithms within the tight-binding approximation [3] [4] [5] [6] or first-principles calculations, employing a certain basis set, as Wannier functions [7] or linear combination of atomic orbitals (LCAO) [8] . Other authors delve into the theory of the problem and develop more general formalisms [9] [10] [11] [12] [13] .
The link between existing methods is the search for a direct relationship between the primitive and supercell Brillouin zones. In contrast, we introduce the fully unfolded bands, extended to the whole reciprocal space, using a Fourier decomposition of the wave functions of the system [13] . This description gives interesting results by itself and, by refolding into the PBZ of the crystal, recovers the unfolded bands of previous authors.
METHOD
The basic concepts of the unfolding method that we describe in the following lines are schematically summa-rized in Fig. 1 . We start by considering the energy bands not just as dispersion relations, but as the density of states in the (first) simulation Brillouin zone (SBZ), the reciprocal of the real-space simulation (super)cell (SC):
where K is a wave vector in the SBZ, and K,i is the eigenvalue of its ith Bloch state, that is, band energy [14] . The normalization of n SBZ (K, ), as well as those of the densities n(q, ), n( ), and n RBZ (k, ) defined below, is such that they are densities of states per unit of macroscopic volume (as well as per unit of their respective independent variables), what facilitates the comparison between simulation cells of different volumes.
Next, we split the normalized weight δ( − K,i ) according to the squared Fourier coefficients of the corresponding wave function. Summing over Bloch states, we construct the fully unfolded bands as the local density of states in reciprocal space (qLDOS):
where ψ K,i (r) is a Bloch wave function (normalized in the SC), u K,i (r) ≡ ψ K,i (r)e −iKr is its periodic part, and ψ K,i (q),ũ K,i,G are their respective Fourier transforms: The shaded region corresponds to its FBZ. A random K point has been singled out (dashed line). The (normalized) weights of the Bloch states at this K are shown at their state energies (black dots). These weights are split and unfolded using the squared Fourier coefficients of their respective wave functions (red dots). Because of Bloch's theorem, they appear only at wave vectors q = K+G, where G = πn/a are reciprocal lattice vectors. The dot areas are proportional to the weights. (c) Fully unfolded bands, obtained following the same procedure described in (b), now for all wave vectors K in the FBZ. These wave vectors are continuous, but they have been discretized for clarity. The non-periodic unfolded band weights are the local density of states in Fourier space (qLDOS) n(q, ). (d) Bands refolded into the FBZ of the undistorted chain (shaded region). The weight at each k (blue dots) is the sum over g of the unfolded weights in (c), at points q = k + g, where g = 2πn/a are the reciprocal vectors of the refolding zone.
Since q vectors are continuous, the refolding zone needs not to be a multiple of the zone in (b), although it is so in this example. The continuous line is the first band of the undistorted chain.
with V SC the volume of the SC and G its reciprocal wave vectors. In Eq. (2), K q and G q are the unique vectors such that: K q is within the SBZ; G q is a reciprocal wave vector; and K q +G q = q. A state ψ K,i will contribute to n(q, ) at points q = K+G for all G vectors. We emphasize that q extends to infinity and n(q, ) is not periodic in q: although the energies at which n(q, ) is nonzero are periodic, these "bands" have a different weight at each Brillouin zone ( Fig. 1(c) ). As can be seen by comparing with Eq. (2), the qLDOS is the Fourier-space equivalent of the real-space local density of states (rLDOS),
The total density of states (DOS) can be obtained by integration of either n(r, ) or n(q, ):
Since |ψ K,i (q)| 2 is the probability of measuring momentum q of a given electron, n(q, ) is the probability of finding an electron (or an empty state) in the system with energy and momentum q, and it can thus be directly related with ARPES results [13, 15, 16] . The qLDOS is closely related to the spectral weight of other references [9, 11, 12] and to the plane-wave unfolded spectra in [13] , therefore this approach may be seen as a different description, rather than as a new method that yields different results.
The last step in our method is to refold n(q, ) into a refolding Brillouin zone (RBZ) as
where k is within the RBZ and g are its reciprocal lattice vectors. Notice that, since G |ũ K,i (G)| 2 = 1, G n(K + G, ) = n SBZ (K, ), that is, refolding n(q, ) back into the SBZ recovers the original bands.
Frequently, the SC will be a supercell of the RC. In these cases, the RBZ will be a supercell of the SBZ, and vectors g will belong to the set of Gs ( Fig. 1(d) ). Nevertheless, this condition is not necessary in our method, and in fact it will not be true in many cases, as for simulation cells of liquids or amorphous systems, or of defects that induce strong deformations [17] .
The above unfolding/refolding method can be immediately applied in a plane wave DFT code [18-20], since the Fourier coefficients of the Bloch wave functions are then directly available. For a basis of atomic orbitals, we expand the Bloch states as
where c K,i,µ are expansion coefficients and φ µ are atomic orbitals centered at position R + r µ (R being SC lattice vectors). Substituting into Eq. (5) we find
whereφ µ (q) is the Fourier transform of the numerical atomic orbital φ µ (r), with well defined angular momentum quantum numbers (l µ , m µ ), that can be decomposed into radial and angular parts:
with Y l,m (r) spherical harmonics and j l (x) spherical Bessel functions. The above unfolding algorithm has been implemented in the Siesta package [21] . After a converged DFT Siesta calculation, the hamiltonian and overlap matrices, in the atomic basis set, are calculated and written in a file. This file, as well as those specifying the radial numerical atomic orbitals, are read by an external utility program that calculates the fully unfolded and refolded spectra at the desired q and k band lines. Some Siesta subroutines are also used by the unfolding/refolding program to obtain the wave function coefficients at each required K point of the SBZ, as well as to perform the Fourier transforms in Eq. (13) . This implementation has been used in the following applications.
APPLICATIONS
We tested our method and its computational implementation on several Si systems with increasing complexity: a perfect supercell of the crystal, a crystal with a single vacancy, a model of amorphous Si and a surface. In all the cases we used a double-ζ + polarization (DZP) orbital basis and the PBE-GGA [22] functional for exchange and correlation.
To facilitate comparisons, we plot the fully unfolded and refolded spectra along the same path of the PBZ of the FCC cell, Γ 222 → L → Γ 000 → X → U → Γ 222 , in all our examples, except for the surface.
Bulk
First, we test the method for a supercell of a perfect crystal. The full unfolding gives the distribution of states in reciprocal space, while the refolding into the PBZ shall match the usual band structure. We see the fully unfolded bands in Fig. 2(a) . We recognize the different weights of the lines along the q points described in Fig. 1 . In this region of reciprocal space only the bands with lowest energy have significant Fourier components q, and they can be interpreted as the dispersion relation of free electrons, ∼ k 2 , modified by the crystal potential. The refolding is shown in Fig. 2(b) . As expected, it recovers the original bands of the crystal, darker where they overlap or cross (this is hardly seen due to the use of logarithmic scale to highlight lower weights). 
Defective crystal
Next, we study a defective system. We remove a Si atom from a 64 atom supercell and relax the remaining atomic positions. The effect of the impurity on the electronic structure can be obtained by a direct comparison with the bands of the crystal.
The fully unfolded and refolded bands are depicted in Fig. 3 . Changes are appreciated at a careful sight. Comparing to Fig. 2 , the lines are blurred and wider due to the appearence of small splittings. The most relevant changes occur around the Fermi level. We find a new state arising in the gap, with higher weight around the Γ point. To highlight the changes, we plot the difference between the defective and pristine systems refolded LDOS in Fig. 3(c) . The top of the valence band, around Γ, decreases in energy and in weight, while a new state appears within the gap.
Amorphous Si
An example of a disordered system is amorphous Si (a-Si). In this case we cannot talk about a proper band structure, but yet the energy dispersion of the electron states provides useful information. To limit computational cost, we employ a 216-atom configuration modelled by Igram et al. [23] and relax the geometry.
Interestingly enough, despite its isotropic and nonperiodic structure and the incommensurability of its simulation cell with that of the crystal, the refolded bands of a-Si appear as a blurred version of the crystal bands (Fig. 4) . This is not unexpected, given the similarity of their local bonding structure.
The fully unfolded bands, Fig.4(a) , present a wide line at low energies, blurred in the second BZ. The refolded spectra, Fig.4(b) , shows two regions with continuous nonzero DOS separated by a gap of 1.1 eV, consistent with existing values [23] . 
Surfaces
Finally, we study a Si(100) surface with a 4x2 reconstruction [24] . The system is periodic in the xy plane, parallel to the surface. We model a four-layer slab, with a 4x2 reconstruction in one surface and H atoms saturating the other (unreconstructed) one. We set a longer lattice vector in the z direction to prevent the interaction between periodic repetitions of the SC and relax the geometry of the two upper layers (reconstructed surface), fixing the rest of the atomic positions. We model as well a four layer Si(100) slab with both surfaces unreconstructed and saturated with H atoms. The comparison between both spectra separates the effects of the surface reconstruction from those of the confinement in z.
In reciprocal space, this translates into a single layer of k points in the xy plane. Thus, we face two conceptually different situations: sampling q points contained in the plane of the surface or sampling a q path normal to it.
Parallel q path
We sample q points along the path K 3 2 3 2 0 → Γ 000 → X 200 , contained in the surface plane. The refolded spectra, Fig. 5(b) , is highly populated with lines. Those with higher intensity correspond to the bulk eigenstates, but the reconstructed surface has dangling bonds that create states in the gap.
We compare to the refolded spectrum of the unreconstructed slab, Fig. 5(c) . Though the bands are entangled, they are better defined and present fewer splittings than in Fig. 5(b) , and no states appear in the gap. There is a second parabolic band at low energies. 
Perpendicular q path
We sample q points in the z direction, perpendicular to the surface, along the path Γ 000 → X 002 → Γ 004 . We expect discrete energy levels to appear, as a consequence of the quantization of the system in the third dimension.
After the full unfolding of the bands, we obtain the discrete energy levels, each of them peaking at a certain range of q points. Results on Fig. 6(a) match existing results of photoemission experimental studies on surface states, e.g., reference [15] . The refolding into the PBZ of the crystal, Fig. 6(b) , forms a pattern of discrete lines that resembles the bulk-like states of Fig. 5(b) but in a quantized way.
We compare with the unreconstructed slab, Fig. 5(c) . The discretization in energies is clear and separated from the effects of the reconstruction. As in the parallel case, there are no states in the gap. 
CONCLUSIONS
We have presented a simple formulation of the band unfolding problem, a tool necessary to extract useful information about the band structure of large supercell calculations. The idea of a full unfolding that expands the bands not only to the primitive cell, but to the full reciprocal space, allows to treat this problem as a decomposition of the wave functions into its Fourier coefficients. A refolding recovers the unfolded bands in the PBZ of the crystal. It is feasible for any eigenstate, regardless of the basis used. In the case of plane wave codes this implementation is almost immediate.
We have illustrated the potential applications of this tool. The fully unfolded bands provide a distribution of the states as a function of their energy and momenta, allowing a direct comparison with experimental photoemission spectra. Refolding into the primitive cell yields clearer spectra and allows comparison with the perfect crystal bands.
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